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Abstract

It is well-known that various profinite groups appearing in anabelian
geometry — e.g., the absolute Galois groups of p-adic local fields or num-
ber fields — satisfy distinctive group-theoretic properties such as slimness
[i.e., the property that every open subgroup is center-free] and strong in-
decomposability [i.e., the property that every open subgroup has no non-
trivial product decomposition]. In the present paper, we consider another
group-theoretic property on profinite groups, which we shall refer to as
strong internal indecomposability. This is a stronger property than both
slimness and strong indecomposability. In the present paper, we examine
basic properties of strong internal indecomposability and prove that the
absolute Galois groups of Henselian discrete valuation fields with positive
characteristic residue fields or Hilbertian fields [which may be regarded
as generalizations of p-adic local fields or number fields] satisfy strong
internal indecomposability.
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For any field F', we shall write F*°P for the separable closure [determined up

to isomorphisms| of F; Gp e Gal(F®°P/F). Let p be a prime number.

Let X be an algebraic variety [i.e., a separated, of finite type, and geomet-
rically integral scheme] over a field. In anabelian geometry, we often consider

whether or not the algebraic variety X may be “reconstructed” from
the étale fundamental group w1 (X).

For instance, if X is a hyperbolic curve over a p-adic local field [i.e., a finite
extension field of the field of p-adic numbers| or a number field [i.e., a finite
extension field of the field of rational numbers], then Mochizuki and Tamagawa
proved that X may be “reconstructed” from m1(X) [cf. [9], Theorem A; [10],
Introduction; [15], Theorem 0.4]. However, it seems far-reaching to specify the
precise class of algebraic varieties which may be “reconstructed” from their étale
fundamental groups [i.e., the class of “anabelian varieties”].

On the other hand, it has been observed that various profinite groups ap-
pearing in anabelian geometry [e.g., the absolute Galois groups of p-adic local
fields or number fields; the étale fundamental groups of hyperbolic curves over
p-adic local fields or number fields] tend to satisfy group-theoretic properties
such as slimness and strong indecomposability [cf. [7], [8]]. For our purposes,
let us recall the definitions of the slimness and the strong indecomposability of
profinite groups. Let G be a profinite group. Then we shall say that:

e (G is slim if every open subgroup of G is center-free.

e G is strongly indecomposable if every open subgroup of G is indecompos-
able, i.e., has no nontrivial product decomposition.

However, at the time of writing the present paper, the authors do not know
the precise relation between the class of “anabelian varieties” and the class of
algebraic varieties that satisfy the above group-theoretic properties. It seems to
the authors that a further examination of this relation would be important.

In this context, it is natural to pose the following question:

Question 1: Do various profinite groups appearing in anabelian ge-
ometry satisfy stronger properties than slimness and strong inde-
composability?

With regard to Question 1, in the present paper, we consider the notion of strong
internal indecomposability, which is a stronger property than both slimness and
strong indecomposability. Let H C G be a normal closed subgroup. Then we
shall say that:

e H is normally decomposable in G if there exist nontrivial normal closed
subgroups H; C G and Hy C G such that H = H; x Hs.

e H is normally indecomposable in G if H is not normally decomposable in

G.



e (G is internally indecomposable if every normal closed subgroup of G is
center-free and normally indecomposable in G.

o G is strongly internally indecomposable if every open subgroup of G is
internally indecomposable.

Note that, if G is strongly internally indecomposable, then it follows immediately
from the various definitions involved that G is slim and strongly indecomposable.
Moreover, we also note that

G is internally indecomposable if and only if, for every nontrivial
normal closed subgroup J C G, the centralizer of J in G is trivial
[cf. Proposition 1.2].

In anabelian geometry, this latter property has been considered and proved for
special “J C G” [cf. [5], Lemma 2.13, (ii); [11], Lemma 2.7, (vi)]. Thus, it would
be important to establish generalities on this property. One notable advantage
of internal indecomposability — compared to indecomposability — is

to behave reasonably well with respect to taking limits and group
extensions [cf. Propositions 1.8; 1.11].

Moreover, it would be also important to consider the following question:

Question 2: What types of profinite groups do satisfy strong internal
indecomposability?

With regard to Question 2, in the present paper, we focus on the case of the
absolute Galois groups. By making use of the above advantage [together with
results in [8] and the theory of fields of norms|, we obtain the following theorem
[cf. Theorems 2.3; 2.6; 2.12; Remark 2.12.1]:

Theorem A.

(i) Let K be a Henselian discrete valuation field of residue characteristic p.
Then G is strongly internally indecomposable. Moreover, if K contains a
primitive p-th root of unity in the case where K is of characteristic 0, then
any almost pro-p-mazimal quotient of Gk [cf. Definition 1.4] is strongly
internally indecomposable.

(i) Let K be a Hilbertian field [i.e., a field for which Hilbert’s irreducibility
theorem holds — c¢f. Remark 2.12.1]. Then Gy is strongly internally
indecomposable.

Note that p-adic local fields (respectively, number fields) are Henselian dis-
crete valuation fields of residue characteristic p (respectively, Hilbertian fields).
Thus, Theorem A may be regarded as a generalization of the well-known fact
that the absolute Galois groups of p-adic local fields or number fields are slim
and strongly indecomposable.

In our subsequent papers, we will discuss



e the strong internal indecomposability of the étale fundamental groups of
various algebraic varieties appearing in anabelian geometry, and

e some applications of internal indecomposability to anabelian geometry.

The present paper is organized as follows. In §1, we introduce the notion of
internal indecomposability of profinite groups and examine some basic proper-
ties of this notion which will be of later use. In §2, by applying results obtained
in §1 of the present paper and [8], we prove that the absolute Galois groups of
Henselian discrete valuation fields with positive characteristic residue fields and
Hilbertian fields are strongly internally indecomposable [cf. Theorem A].

Notations and conventions

Numbers: The notation Q will be used to denote the field of rational numbers.
The notation Z will be used to denote the ring of integers. The notation Z will
be used to denote the profinite completion of the underlying additive group of
Z. The notation N will be used to denote the set of positive integers. If p is a
prime number, then the notation Z, will be used to denote the ring of p-adic
integers.

Fields: Let I be a field; F5P a separable closure of F'; p a prime number.

Then we shall write char(F') for the characteristic of F; Gp def Gal(FsP /F);

F((t)) for the one parameter formal power series field over F'; Fjeo C F5P for
the subfield obtained by adjoining p-power roots of unity to F'. If char(F') # p,

then we shall fix a primitive p’-th root of unity (pi € I®°P for each i € N. If I/

is perfect, then we shall also write F' def prsep

Profinite groups: Let G be a profinite group. We shall write Aut(G) for the

group of continuous automorphisms of G; Inn(G) C Aut(G) for the group of

inner automorphisms of G; Out(G) ef Aut(G)/Inn(G). If p is a prime number,

then we shall write GP for the maximal pro-p quotient of G.

1 Basic properties of internal indecomposability

In the present section, we introduce the notion of internal indecomposability
of profinite groups and examine basic properties.
Let p be a prime number.

Definition 1.1 ([10], Notations and Conventions; [10], Definition 1.1, (ii)). Let
G be a profinite group; H C G a closed subgroup of G.



(i) We shall write Zg(H) for the centralizer of H in G, i.e., the closed sub-

group {g € G | ghg™! = h for any h € H}; Z(G) ¥ Za(G); Ne(H) for

the normalizer of H in G, i.e., the closed subgroup {g € G | gHg™! = H}.

(ii) We shall say that G is slim if Zg(U) = {1} for every open subgroup U of
G. [Note that G is slim if and only if Z(U) = {1} for every open subgroup
U of G — cf. [8], Proposition 1.2, (i).]

(i) We shall say that G is decomposable if there exist nontrivial normal closed
subgroups H; C G and Hy; C G such that G = H; x Hy. We shall say
that G is indecomposable if G is not decomposable. We shall say that G is
strongly indecomposable if every open subgroup of G is indecomposable.

(iv) We shall say that H is normally decomposable in G if there exist nontrivial
normal closed subgroups H; C G and Hs C G such that H = Hy x Hs.
We shall say that H is normally indecomposable in G if H is not normally
decomposable in G.

(v) We shall say that G is internally indecomposable if every nontrivial nor-
mal closed subgroup of G is center-free and normally indecomposable in G.
[Note that the trivial subgroup of G is center-free and normally indecom-
posable in G.] We shall say that G is strongly internally indecomposable
if every open subgroup of G is internally indecomposable.

Remark 1.1.1. Tt follows immediately from the various definitions involved that
strongly internally indecomposable profinite groups are slim.

Remark 1.1.2. Let G be a profinite group. Then it follows immediately from
the various definitions involved that:

(i) G is normally decomposable in G if and only if G is decomposable.

(ii) If G is internally indecomposable (respectively, strongly internally inde-
composable), then G is indecomposable (respectively, strongly indecom-
posable).

Remark 1.1.3. Let G be a nonabelian finite simple group. Then it follows im-
mediately from the various definitions involved that G is not strongly internally
indecomposable but internally indecomposable.

Next, we give a useful criterion of internal indecomposability.

Proposition 1.2. Let G be a profinite group. Then G is internally indecom-
posable if and only if Zg(H) = {1} for every nontrivial normal closed subgroup
H CG.



Proof. First, we verify sufficiency. Suppose that Zg(H) = {1} for every non-
trivial normal closed subgroup H C G. Let H C G be a nontrivial normal closed
subgroup. Then Z(H) C Zg(H) = {1}. On the other hand, let H; C G and
H; C G be normal closed subgroups such that H = Hy x Hy, and Hy # {1}.
Then Hy C Zg(Hy) = {1}. Thus, we conclude that H is center-free and nor-
mally indecomposable in G, hence that G is internally indecomposable.

Next, we verify necessity. Suppose that G is internally indecomposable.
Let H C G be a nontrivial normal closed subgroup. Since H is center-free,
HnNZg(H)=Z(H) = {1}. In particular, we obtain a normal closed subgroup
H x Zg(H) C G. Thus, since G is internally indecomposable, and H # {1}, we
conclude that Zg(H) = {1}. This completes the proof of Proposition 1.2. O

Next, we recall basic notions concerning profinite groups.

Definition 1.3 ([12], Definition 1.1, (i), (ii)). Let C be a family of finite groups
including the trivial group. Then:

(i) We shall refer to a finite group belonging to C as a C-group.

(ii) We shall refer to C as a full-formation if C is closed under taking quotients,
subgroups, and extensions.

(iii) We shall write 3¢ for the set of primes [ such that Z/IZ is a C-group.

Definition 1.4 ([10], Definition 1.1, (iii)). Let G, @ be profinite groups; ¢ :
G — @ an epimorphism [in the category of profinite groups|. Then we shall
say that @ is an almost pro-p-mazimal quotient of G if there exists a normal
open subgroup N C G such that Ker(q) coincides with the kernel of the natural
surjection N — NP.

Next, we recall the following result, which is one of the motivations of our
research.

Proposition 1.5 ([14], Proposition 8.7.8). Let C be a full-formation; F a free
pro-C group of rank > 2. Then F is strongly internally indecomposable [cf.
Proposition 1.2; [14], Theorem 3.6.2, (a)].

Next, we recall an important property of slim profinite groups.

Lemma 1.6 ([8], Lemma 1.3; [12], §0, Topological Groups). Let G be a slim
profinite group; F C G a finite normal subgroup. Then F = {1}.

In the following, we verify various important properties of internally inde-
composable profinite groups.



Proposition 1.7. Let G be a slim profinite group. Suppose that there exists an
open subgroup H C G such that H is internally indecomposable (respectively,
strongly internally indecomposable). Then G is internally indecomposable (re-
spectively, strongly internally indecomposable).

Proof. First, observe that, for any open subgroup U C G and any nontrivial
normal closed subgroup I' C G, it holds that I'NU # {1}. Indeed, suppose that
I'NU = {1}. Then since I'NU is open in I', we conclude that I" is finite. Thus,
it follows from Lemma 1.6 that I' = {1}. This is a contradiction. Therefore, we
have T'NU # {1}. This completes the proof of the observation.

Next, note that, to verify Proposition 1.7, it suffices to prove the non-resp’d
case. Let H C G be an internally indecomposable open subgroup; N C G a
nontrivial normal closed subgroup. Then it follows from the above observation
that NN H # {1}. Write C et Za(N). Note that since H is internally
indecomposable, we have C N H C Zy(N N H) = {1} [cf. Proposition 1.2].
Again, it follows from the above observation that C' = {1}. Thus, we conclude
that G is internally indecomposable [cf. Proposition 1.2]. This completes the
proof of Proposition 1.7. O

Proposition 1.8. Let G be a profinite group; {G;}icr a directed subset of the
set of normal closed subgroups of G — where j > 1 < G; C Gy — such that
the natural homomorphism
G — 1&1 G/G;
iel

is an isomorphism. Suppose that, for each i € I, G/G; is internally indecom-
posable (respectively, strongly internally indecomposable). Then G is internally
indecomposable (respectively, strongly internally indecomposable).

Proof. To verify Proposition 1.8, it suffices to prove the non-resp’d case. For
each i € I, write ¢; : G - G/G; for the natural surjection. Let H C G be a
nontrivial normal closed subgroup. Then since G @ie s G/G,, there exists
1 € I such that

¢i(H) # {1}.

Fix such i € I. Write I; © {j € T | j > i}; C % Zg(H). Since {Gi}ies is a
directed set, the natural homomorphism

G — lim G/C,
JEL;

is an isomorphism. Let j € I; be an element. Observe that
e ¢;(H) # {1},
e ¢;(H) and ¢;(C) are normal closed subgroups of G/G;, and

e ¢i(H) C Zga,(9;(C)).



Then since G/G,; is internally indecomposable, it holds that ¢;(C) = {1} [cf.
Proposition 1.2]. Thus, it follows from the equality

N G ={1}
JEL;

that C' = {1}, hence that G is internally indecomposable [cf. Proposition 1.2].
This completes the proof of Proposition 1.8. O

Next, we give a variant of [7], Lemma 1.6.

Lemma 1.9. Let G be an internally indecomposable profinite group; H C G a
nontrivial normal closed subgroup; o € Aut(G). Suppose that, for any h € H,
it holds that a(h) = h. Then « is the identity automorphism.

Proof. Let g € G be an element. Then, for any h € H, we have
alg) g7t ho(alg)- g7 ) T =alg) g hogralg)Th

=ag)-alg™' -h-g) alg)™"
= a(h)

where the second equality follows from the fact that g~ -h-g € H. Thus,
it follows from Proposition 1.2 that a(g) - g7 € Zg(H) = {1}. Therefore,
we conclude that « is the identity automorphism. This completes the proof of
Lemma 1.9. O

The following lemma will be applied in the proof of Proposition 1.11 below.

Lemma 1.10 ([7], Lemma 1.7, (i)). Let

1 Ay I Gy 1
| | |
1 Ay I, Ga 1

be a commutative diagram of profinite groups, where the horizontal sequences
are exact; the vertical arrows are open injections. Write

p1:G1 — Out(Ay)  (respectively, ps : Go — Out(As))

for the natural outer representation associated to the upper (respectively, lower)
horizontal sequence. Suppose that Ag is slim. Then Ker(p1) is an open subgroup

of Ker(p2).



Proposition 1.11. Let
1—G —G— Gy —1

be an exact sequence of profinite groups. Write p : Go — Out(Gy) for the outer
representation associated to this exact sequence. Then the following hold:

(i) Suppose that

o (31 is internally indecomposable (respectively, strongly internally in-
decomposable);

o Gy is internally indecomposable (respectively, strongly internally in-
decomposable);

® p s injective.

Then G is internally indecomposable (respectively, strongly internally in-
decomposable).

(ii) Suppose that

e Gy is internally indecomposable (respectively, strongly internally in-
decomposable);

o (G5 is abelian;

e p is injective, or G is center-free (respectively, slim).

Then G is internally indecomposable (respectively, strongly internally in-
decomposable).

Proof. Tt follows immediately from Lemma 1.10, together with Remark 1.1.1,
that, to verify Proposition 1.11, it suffices to prove the non-resp’d case. Let
N C G be a nontrivial normal closed subgroup. Write

Cc¥zoN), Y zo, (NnGy).

Our goal is to prove that C = {1} [cf. Proposition 1.2].
First, we verify assertion (i). Let us begin by observing the following asser-
tion:

Claim 1.11.A: Let H C G be a nontrivial normal closed subgroup.
Suppose that Zg(H) C Gy. Then Zg(H) = {1}.

Indeed, suppose that Zg(H) # {1}. Then since (G is internally indecomposable,
and Zg(H) € Gy is normal, it holds that H C Z5(G1) [cf. Lemma 1.9]. On the
other hand, it follows immediately from our assumption that p is injective that
Zc(G1) € Z(G1). Moreover, since G is center-free, it holds that Zg(G1) =
{1}, hence that H = {1}. This is a contradiction. Thus, we conclude that
Zc(H) = {1}. This completes the proof of Claim 1.11.A.



Suppose that N NGy = {1}. Then since N # {1}, and G, is internally
indecomposable, it holds that C' C ;. Thus, by applying Claim 1.11.A to the
nontrivial normal closed subgroup N C G, we conclude that C' = {1}.

Suppose that N NGy # {1}. Then since G; is internally indecomposable,
it holds that C NGy C Cy = {1}. If C # {1}, then since Gy is internally
indecomposable, it holds that

{1} £ N C Z(C) C G,.

However, this contradicts Claim 1.11.A [in the case where H = C]. Thus, we
conclude that C' = {1}. This completes the proof of assertion (i).

Next, we verify assertion (ii). Recall that G; is center-free. Then, if p
is injective, then G is also center-free. Thus, we may assume without loss of
generality that G is center-free. Next, we verify the following assertion:

Claim 1.11.B: Let H C G be a nontrivial normal closed subgroup.
Then HN Gy # {1}.

Indeed, since H # {1}, and Z(G) = {1}, there exist elements g € G, h € H

such that 1 £ 2 % g h.g=' - h~! € G. Fix such elements. Then since Gy is
abelian, the image of x via the surjection G — G5 is trivial. Moreover, since
H C G is normal, it holds that € H. In particular, we have z € HNG; # {1}.
This completes the proof of Claim 1.11.B.

Then, by applying Claim 1.11.B to the nontrivial normal closed subgroup
N C @G, we conclude that NNGy # {1}. Thus, since G is internal indecompos-
ability, it holds that C N Gy C Cy = {1}. Finally, it follows from Claim 1.11.B
[in the case where H = (] that C = {1}. This completes the proof of assertion
(ii), hence of Proposition 1.11. O

2 Internal indecomposability of the absolute Ga-
lois groups

In the present section, we prove that the absolute Galois groups of

e Henselian discrete valuation fields with positive characteristic residue fields
and

e Hilbertian fields

are strongly internally indecomposable [cf. Definition 1.1, (v)].

Let p be a prime number. The following lemma is well-known and elemen-
tary.
Lemma 2.1 ([8], Lemma 3.1). Let K be a Henselian discrete valuation field.
Write K for the completion of K; f : Gg — Gk for the natural outer homo-
morphism determined by the natural injection K — K. Then f s bijective.
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Let us recall a result concerning the slimness of almost pro-p-maximal quo-
tients of the absolute Galois groups of Henselian discrete valuation fields of
characteristic p.

Proposition 2.2 ([8], Theorem 2.10). Let K be a Henselian discrete valuation
field of characteristic p. Then Gk, as well as any almost pro-p-mazimal quotient
of Gk, is slim.

The following result may be regarded as a generalization of Proposition 2.2
[cf. Remark 1.1.1].

Theorem 2.3. Let K be a Henselian discrete valuation field of characteristic
p; N C Gg a normal open subgroup. Then Gg, as well as the almost pro-p-

mazimal quotient

(Gr)n ¥ G /Ker(N — NP)

associated to N, is strongly internally indecomposable.

Proof. Note that NP C (Gk)n is an open subgroup. Recall that (Gg)ny is
slim [cf. Proposition 2.2], and NP is a free pro-p group of infinite rank [cf.
[13], Proposition 6.1.7; Lemma 2.1]. Then it follows immediately from Propo-
sitions 1.5, 1.7, that (Gg)n is strongly internally indecomposable. Moreover,
by varying N, we conclude that G is strongly internally indecomposable [cf.
Proposition 1.8]. This completes the proof of Theorem 2.3. O

Next, we recall the following well-known fact [cf. [2], Chapter III, §5; [16]]:

Theorem 2.4. Let K be a mixed characteristic complete discrete valuation field
such that the residue field of K is perfect and of characteristic p. Then the “field

of norms”

def

N(Kp~/K) = lim K((y)

<‘_
i>1

— where the transition maps are the norm maps — satisfies the following con-
ditions:

(a) N(Kpe/K) admits a natural structure of field [cf. [2], Chapter III, §5,
(5.5), Theorem/].

(b) N(Kp/K) is isomorphic to k((t)), where k denotes the residue field of the
[Henselian] valuation field Kpe [cf. [2], Chapter III, §5, (5.5), Theorem].

(¢c) GK o is isomorphic to Gy [cf- [2], Chapter III, §5, (5.7), Theorem].

Also, let us recall a result concerning the slimness of almost pro-p-maximal
quotients of the absolute Galois groups of abelian extensions of the fields of
fractions of mixed characteristic Noetherian local domains.
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Proposition 2.5 ([8], Theorem 2.8, (i), (ii)). Let Ay be a mized characteristic
Noetherian local domain of residue characteristic p. Write Ko for the field of
fractions of Ag. Let Ko C K (C F) be an abelian extension. Then G is slim.
Moreover, if ¢, € K, then any almost pro-p-mazimal quotient of G is slim.

Theorem 2.6. Let K be a mized characteristic Henselian discrete valuation
field of residue characteristic p. Then Gi and Gk o , as well as any almost pro-
p-mazimal quotient of Gk, , are strongly internally indecomposable. Moreover,
if ¢p € K, then any almost pro-p-mazimal quotient of G is strongly internally
indecomposable.

Proof. First, it follows immediately from Proposition 1.7, together with [the
first portion of] Proposition 2.5, that we may assume without loss of generality
that
¢ € K.

Moreover, it follows from Propositions 1.7, 1.8, together with [the second portion
of] Proposition 2.5, that it suffices to prove that G%, and G];(poo are strongly
internally indecomposable. Write k for the residue field of K.

Next, we verify the following assertion:

Claim 2.6.A: Suppose that k is perfect. Then G%pm is strongly
internally indecomposable.

Indeed, Claim 2.6.A follows immediately from Theorems 2.3, 2.4, together with
Lemma 2.1.
Next, we verify the following assertion:

Claim 2.6.B: G%pw is strongly internally indecomposable.

Indeed, let {t; (i € I)} be a p-basis of k; {; € K a lifting of ¢;. For each j € N,
let Ei,j € K be a p?-th root of ¢; € K such that ff’j = fiyj_l, where fi,O def t;.
Write o

L(CE)
for the field obtained by adjoining the elements {#; ; ((i,j) € I x N)} to K.
Then L is a mixed characteristic Henselian discrete valuation field such that the
residue field of L is perfect and of characteristic p. Therefore, it follows from
Claim 2.6.A that Gipw (C G%poc) is strongly internally indecomposable. On
the other hand, we note that

. G’]’(pm is slim [cf. [the second portion of] Proposition 2.5];
o Gal(Lpw /Kpeo) is abelian.

Now we apply Proposition 1.11, (ii), to the present situation, by taking “G”
(respectively, “G1”; “G2”) to be G’;(px (respectively, Gipw; Gal(Lps /Kp=)).
Thus, we conclude that Gfl’(poo is strongly internally indecomposable. This com-
pletes the proof of Claim 2.6.B.

Finally, we note that

12



e G%. is slim [cf. [the second portion of] Proposition 2.5];
o Gal(K,~/K) is isomorphic to Z, [cf. the fact that (, € K].

Now we apply Proposition 1.11, (ii), to the present situation, by taking “G”
(respectively, “G1”; “G2”) to be G%; (respectively, G“;{pm; Gal(Kp~ /K)) [cf.
Claim 2.6.B]. Thus, we conclude that G, is strongly internally indecomposable.
This completes the proof of Theorem 2.6. O

Remark 2.6.1. It is natural to pose the following questions:

Question 1: Is the absolute Galois group of any discrete valuation
field with a positive characteristic residue field strongly internally
indecomposable?

Question 2: More generally, is the absolute Galois group of any
subfield of a discrete valuation field with a positive characteristic
residue field strongly internally indecomposable?

However, at the time of writing the present paper, the authors do not know
whether the answer to each question is affirmative or not.

Next, we review the definition of higher local fields.
Definition 2.7 ([1], Chapter I, §1.1). Let K be a field; d € N.

(i) A structure of local field of dimension d on K is a sequence of complete

discrete valuation fields K@ % i K@= K©) such that

o K is a perfect field;

e for each integer 0 < i < d—1, K is the residue field of the complete
discrete valuation field K +1).

(ii) We shall say that K is a higher local field if K admits a structure of local
field of some positive dimension. In the remainder of the present paper,
for each higher local field, we fix a structure of local field of some positive
dimension.

Definition 2.8. Let K be a field. Then we shall say that K is stably ppe -finite
if, for every finite extension field M of K, the group of p-power roots of unity
€ M is finite.

Here, let us recall a result concerning the slimness of the absolute Galois
groups of higher local fields.

13



Proposition 2.9 ([8], Corollary 2.11, (iii)). Let K be a higher local field. Sup-
pose that char(K(®) # 0, and K©) is a stably w-finite field for any prime
number I. Then G is slim. In particular, if K9 is finite, then Gg is slim.

Corollary 2.10. Let K be a higher local field. Then the following hold:

(i) Suppose that the residue characteristic of K is p. Then Gk is strongly in-
ternally indecomposable. Moreover, if ¢, € K in the case where char(K) =
0, then any almost pro-p-mazimal quotient of G is strongly internally in-
decomposable.

(ii) Suppose that char(K ) # 0, and K©) is a stably py-finite field for any
prime number . Then Gk is strongly indecomposable. In particular, if
KO s finite, then G is strongly indecomposable.

Proof. Assertion (i) follows immediately from Theorems 2.3, 2.6.

Next, we verify assertion (ii). It follows immediately from assertion (i) that
we may assume without loss of generality that the residue characteristic of K is
0. Since every finite extension of K is a higher local field of residue characteristic
0, it suffices to prove that G is indecomposable. Suppose that there exist
normal closed subgroups H; C Gx and Hy C Gk such that

GK:H1 XHQ.

Write i € N for the positive integer such that char(K (1Y) > 0. Recall from
Cohen’s structure theorem that

K= KD((t1)) - ((tm))-
Then we have an exact sequence of profinite groups
1— Z(l)@m — G — G — 1,

where “(1)” denotes the Tate twist. Here, we note that Gy is internally
indecomposable [cf. (i)]. In particular, it holds that Hy; C Z(1)®™ or Hy C
Z(1)®™. We may assume without loss of generality that H; C Z(1)®™. Then
since G = Hj x Ho, and H; is abelian, it holds that H; C Z(Gk). Thus, since
Z(Gr) = {1} [cf. Proposition 2.9], we conclude that H; = {1}. This completes
the proof of assertion (ii), hence of Corollary 2.10. O

Remark 2.10.1. Let K be a field of characteristic 0. Then we have an exact
sequence of profinite groups

1 — i(l) — GK((t)) — G — 1.

Note that 2(1) C Gt is a normal closed subgroup, and 2(1) is not center-
free. Thus, we conclude that G ((s)) is not internally indecomposable.
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Next, let us recall a result concerning the slimness of the absolute Galois
groups of Hilbertian fields.

Proposition 2.11 ([7], Theorem 2.1). Let K be a Hilbertian field. Then Gk
18 slim and strongly indecomposable.

The following result may be regarded as a generalization of Proposition 2.11
[cf. Remarks 1.1.1; 1.1.2, (ii)].

Theorem 2.12. Let K be a Hilbertian field. Then Gg is strongly internally
indecomposable.

Proof. Since every finite separable extension of K is Hilbertian [cf. [3], Corollary
12.2.3], it suffices to prove that Gk is internally indecomposable. Let N C G

be a nontrivial normal closed subgroup. Write C e Zc(N). Then it follows
immediately from the various definitions involved that

CNN=Z(N)C Gk

is an abelian normal closed subgroup. Thus, by applying [3], Proposition
16.11.6, we conclude that C N N = {1}, hence that C'- N = C x N C Gk.
Next, we recall that G is slim [cf. Proposition 2.11]. Since N C Gk is a
nontrivial normal closed subgroup, it follows immediately from Lemma 1.6 that
N is infinite. Let NT C N be a proper nontrivial normal open subgroup. Then
CxNTCCxN=C-N is a proper normal open subgroup. Thus, by applying
Weissauer’s theorem [cf. [3], Theorem 13.9.1, (b)], we conclude that C' x N
is isomorphic to the absolute Galois group of a Hilbertian field. In particular,
C x N1 is indecomposable [cf. Proposition 2.11; [3], Corollary 13.8.4]. Since
NT # {1}, this implies that C' = {1}. Thus, we conclude that G is internally
indecomposable [cf. Proposition 1.2]. This completes the proof of Theorem
2.12. O

Remark 2.12.1. Tt is well-known that the following hold:

(i) The field of fractions of an arbitrary integral domain that is finitely gen-
erated over Z is Hilbertian [cf. [3], Proposition 13.4.1].

(ii) Finitely generated transcendental extension field of an arbitrary field is
Hilbertian [cf. [3], Proposition 13.4.1].

(iii) The field of fractions of an arbitrary Noetherian integral domain of dimen-
sion > 2 is Hilbertian [cf. [3], Theorem 15.4.6; [6], p296, Mori-Nagata’s
integral closure theorem).

In particular, it follows from Theorem 2.12 that the absolute Galois groups of
the above fields are strongly internally indecomposable.
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